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Abstract 
Bugata, P., Trahtenbrot-Zykov problem and NP-completeness, Discrete Mathematics 108 
(1992) 253-259. 
Zykov [5] posed a problem now known as the Trahtenbrot-Zykov problem: Given a finite 
graph H, does there exist a non-empty graph G with all neighbourhoods of its vertices 
isomorphic to H? 
This problem is algorithmically unsolvable in the class of all graphs but there exists a 
polynomial-time algorithm for trees. In the present paper we show that there exists a class of 
graphs in which the Trahtenbrot-Zykov problem is NP-complete. 
Introduction 
Let G be an undirected graph without loops and multiple edges. By the 
neighbourhood of a vertex x in G (denoted by N(x, G)) we mean the subgraph of 
G induced by the set of all vertices adjacent to x. 
At the Smolenice Symposium (1963), Zykov posed the following problem: 
Given a finite graph H, does there exist a non-empty G with all neighbourhoods 
of its vertices isomorphic to H? 
The problem now known as Trahtenbrot-Zykov problem (in the sequel T-Z 
problem) has been solved only for special classes of graphs (see [4]). In [3], 
Bulitko proved that the T-Z problem is algorithmically unsolvable in the class of 
all graphs. Note that if G is required to be finite, then an analogous result is 
unknown till now (see [l]). In the sequel we consider only the ‘infinite’ modification 
of the T-Z problem. Contrary to its algorithmic unsolvability in the general case 
there exists a polynomial time algorithm for trees (see [2]). In the present paper 
we show that there exists a class of graphs in which the T-Z problem is 
NP-complete. We use the method developed in [l] and NP-completeness of the 
Hamiltonian cycle problem. 
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Main results 
Let V(G) be the vertex set and E(G) the edge set of G. Let rl;(t~) for 
u E V(G) denote the set of all vertices of G adjacent to u and let G/U for 
US V(G) denote the subgraph of G induced by U. By a universal vertex of G we 
mean its vertex of degree IV(G)( - 1. A graph obtained by deleting a vertex w 
(and edges incident by w) from G is denoted by G - w and the disjoint union of 
graphs H,, H,, . . . , H, by IJyzI Hi. By the neighbourhood set of G we mean the 
set N(G) = {N(v, G); u E V(G)}, while isomorphic graphs are considered as 
identical. 
First we will study neighbourhoods of vertices in labelled graphs. The labelled 
graph is an ordered pair (G, f), where G is a graph and f is a mapping of V(G) 
into a finite set of symbols 2. If f(v) = q E 2 for u E V(G), then q is called the 
colour of u and IJ is called q-coloured. The neighbourhood of v in (G, f) is 
defined to be the labelled graph 
Nf(v> G) = (G/To(u) U {v>> f/&(v) U {v>)> 
where f/U denotes the restriction of the mapping f to U c V(G). By the 
neighbourhood set of (G, f) we mean the set 
+(G) = {N#J, G); u E V(G)). 
(Two labelled graphs are not distinguished if there is an isomorphism correspon- 
dence between them preserving the colours of vertices.) 
Let H be a triangle-free cubic graph on n vertices and .I2 = {a, 6, c, d, e}. By 
L,(H) we denote a labelled graph obtained from H, all vertices of which are 
b-coloured, by adding one d-coloured universal vertex. Let M(H) be the set 
consisting of L,(H) and the graphs L,(n), L3, L4, Ls from Fig. 1. 
Lemma 1. Let H be a triangle-free cubic graph. H is Hamiltonian if and only if 
there exists a labelled graph (G, f) such that Nf(G) = M(H). 
Proof. (a) Let H be a Hamiltonian and x,, x2, . . . , x,, x, be a Hamiltonian cycle 
in H. Let C be a graph isomorphic to the cycle on n vertices and V(H) fl V(C) = 
0. Denote the vertices of C by y,, . . . , y,, successively. We construct a labelled 
graph (G, f) containing vertices and edges of H and C, while the vertices of H 
are b-coloured and vertices of C are a-coloured. Next let (G, f) contains the 
following vertices and edges: 
l (x,, yi) for i = 1, . . . , n, 
l one d-coloured vertex adjacent to x1, x2, . . . , x,, 
l one c-coloured vertex adjacent to y,, . . . , y,, 
l e-coloured vertices, one for each edge of the Hamiltonian cycle 
Xl, x2, . . . , Al, x1, joined with endvertices of the corresponding edge and their 
neighbours from the set {y,, . . . , y,}. 
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Fig. 1. 
It is not difficult to see that Nf(G) = M(H). 
(b) Let (G,f) b e a labelled graph with N’(G) = M(H). Then there exists a 
d-coloured vertex in G. Vertices adjacent to it are b-coloured and induce a graph 
isomorphic to H. Let vertex x be one of them. There exists the unique a-coloured 
vertex (denoted by y) in its neighbourhood. The vertex y is adjacent to a 
c-coloured vertex, whose neighbourhood is isomorphic to L,(n) and thus y 
belongs to a cycle C on n a-coloured vertices (n = IV(H)/). 
According to the definition of M(H) every vertex of C has the unique 
b-coloured neighbour in (G, f) and these b-coloured vertices are different. Now 
we show that if two a-coloured vertices are adjacent, then their b-coloured 
neighbours are adjacent, too. Let y, and y2 be two a-coloured adjacent vertices 
and x,, x2 their b-coloured neighbours. The definition of the graph L3 implies the 
existence of an e-coloured vertex z adjacent to xi and y2 in the neighbourhood of 
y,. Since x2 is the unique b-coloured neighbour of y,, considering the structure of 
L4, x belongs to the neighbourhood of z and is joined with x by an edge. 
It can be seen from the foregoing that the graph induced by the b-coloured 
neighbours of the vertices of C contains a cycle on n vertices. According to the 
structure of Ls it is obvious that all vertices of this cycle are adjacent to the same 
d-coloured vertex as X. Thus we obtain that H contains a cycle on n vertices, i.e., 
H is Hamiltonian. Cl 
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Now we transform labelled graphs to unlabelled ones in a similar way as in [l]. 
Let (15, fL) be a finite labelled graph over E with one universal vertex and let 4 be 
a one-to-one mapping from 2 into the set of all integers greater than one 
(denoted by 2,). Let G,,, u E V(L), be disjoint complete graphs on 
#(Mu)) (@(fL(rJ)) - 1) vertices if 21 is (is not) a universal vertex. 
We assign to (L, fL) an unlabelled graph L, defined as follows: 
V+) = UL) V(GU), 
E(L,) = UL) E(GU) u {(x7 Y)7 . x E V(G,,) & y E V(G,) & (u, v) E E(L)}. 
Further, assign the set of unlabelled graphs M+ = {L,; (L, ft,) E M} to the given 
set M of labelled graphs (with one universal vertex). 
The proof of the following lemma is simple and it can be found in [l]. 
Lemma 2. If there exists a labelled graph (G, f) with N,(G) = M, then there exists 
an unlabelled graph G ’ with N( G ‘) = M+. 
Next we show that the converse implication holds on some assumptions. 
Similarly as in [l] we suppose that $ has the following property: 
(1) vq> 4’> q” E 2: #(4) + 449’) > 444”). 
Furthermore, suppose that a labelled graph (L, fL) E M with a universal vertex u 
has the properties: 
(2a) If (x, Y) e E(L), then T,(x) - {Y> #L(Y) - ix>. 
(2b) There exists no graph (L’, fLr) EM such that L’ is an induced subgraph of 
L - 21. 
The following lemma is a generalization of [l, Lemma 31. 
Lemma 3. Let M be a set of labelled graphs with a universal vertex satisfying (2a) 
and (2b) and $ be a one-to-one mapping from 2 into Z, satisfying (1). If there 
exists a graph G such that N(G) = M,, then there exists a labelled graph (G’, f) 
such that Nf(G’) = M. 
Proof. Let G be an unlabelled graph with N(G) = M+. Define an equivalence 
relation ‘=’ on V(G). For every x, y E V(G) 
x=-y G X=Y or [(~,y)~E(G)&~(x)-(y)=T,(y)-{x>l. 
For x E V(G) denote by [x] the equivalence class containing x and let 
V(G), = {[x];x E V(G)}. Define the factor graph G’ as follows: 
V(G’) = V(G),; ([xl> ]YI) E E(G’) = (x, Y) E E(G). 
The correctness of the definition of G’ follows from the definition of ‘=‘. 
The structure of the proof resembles that of [l, Lemma 31. First we derive 
some properties about the equivalence classes of ‘=‘. These properties will then 
enable us to define a labelling f of the graph G’ and to prove Nr(G’) = M. 
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Consider N(x, G), where x is an arbitrary vertex of G. Obviously, N(x, G) is 
isomorphic to some graph L, E A4+. Let w be a universal vertex of L, q an 
isomorphism L, to N(x, G) and U,, s V(N(x, G)) the image of V(G,) in 
17 (u e VW)). 
Claim 1. The sets U,, v E V(L) - {w} and U, U {x} are unions of some 
equivalence classes. 
Proof. Let y E U,, v E V(L) and z = y. Since x is adjacent to y, according to the 
definition of ‘=’ either z =x or z E N(x, G). If z = x, then y is a universal vertex 
in N(x, G). According to (2a), there exists the unique universal vertex in L 
(denoted by w), and thus z, y E U, U {x}. Let z Zx now. If z Zy, then z and y 
are joined by an edge. If z E U, and u f v, then u is adjacent to v in L and 
T,(v) - {u} = T-(u) - {v}, w rc h’ h is a contradiction with (2a) and thus y, z E U,. 
The assertion of the claim is now an immediate consequence of the previous 
considerations. 0 
Claim 2. u, u {x} = [xl. 
Proof. Obviously, [x] c U, U {x}. Suppose that there exists y E 17, - [xl. 
According to the definition of ‘=‘, N(x, G) - y is a proper subgraph of N(y, G). 
N(y, G) is isomorphic to some graph Li E M+. Let sets W,, v E V(L’) be images 
of V(G,,) in this isomorphism and let w’ be a universal vertex of L’. 
Choose one vertex x, E U, for every v E V(L) - {w} and set x, equal to x. Let 
(u(v) for v E V(L) be a vertex of L’ such that x, E WaC,,). According to (2a) for L, 
and Li all vertices (u(v) are mutually distinct and none of them is equal to w’. 
The definition of graphs L, and Lk implies that the vertices (u(v), v E V(L) 
induce a subgraph of L’ - w’ isomorphic to L-a contradiction with (2b). 0 
Claim 3. The sets U,,, v E V(L) - {w} and U,,, U {x} are equivalence classes of 
‘-9 =. 
Proof. Suppose there exists v E V(L) - {w} such that U,, contains at least two 
different equivalence classes [y] and [z]. Thus 
card( U,) 2 card( [ y 1) + card( [z]). 
According to Claim 2, card([x]) = card(U, U {x}) = #(q), where q E 2 is the 
colour of w. Since the vertex x was chosen arbitrarily card([y]), card([z]) E #(.Y), 
too. According to the definition of L,, card(&) = G(q) for some q E 2, which is 
a contradiction with the property (1) of @. 0 
Define now a labelling f of G, 
f ([xl) = ~-‘(card([xl)). 
Using Claim 3 we obtain that if x is an arbitrary vertex of G and N(x, G) = L,, 
then Nf([x], G’) is isomorphic to (L, fL). Since x was an arbitrary vertex of 
G, P+(G’) = M. 0 
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Lemma 4. Let C$ be a one-to-one mapping of ,Y = {a, b, c, d, e} into 2, satisfying 
(1) and H an arbitrary finite triangle-free cubic graph. H is Hamiltonian if and 
only if there exists a graph G with N(G) = M(H),. 
Proof. If H is Hamiltonian, then in the light of Lemma 1 there exists a labelled 
graph (G’, f) with N,(G’) = M(H) and according to Lemma 2 there exists an 
unlabelled graph with N(G) = M(H),. 
For the proof of the converse implication we first show that the graphs from 
M(H) satisfy the conditions (2a) and (2b). It is not difficult to see that the graphs 
L2(n), L3, L4, L, from Fig. 1 satisfy (2a). The invalidity of (2a) for L, implies the 
existence of two adjacent vertices X, y in H such that T,(X) - {y} = rH(y) - 
{x}-a contradiction: H is triangle-free. 
The following consideration shows the validity of (2b): After deleting the 
universal vertex of an arbitrary graph from M(H) a triangle-free graph is 
obtained, which cannot contain a graph from M(H) as an induced subgraph. 
Finally, according to Lemma 3 and Lemma 1 we obtain the desired 
assertion. 0 
Assign the graph Ln = ULOtMCHj~ L, to every finite triangle-free cubic graph 
H. Define the class of graphs 2 = { Ln: H-cubic triangle-free graph}. 
The following assertion can be found in [l] as Corollary 4. 
Lemma 5. There exists a graph G with N(G) = {I_):=, H,} if and only if there 
exists a graph G’ with N(G’) = {H,, . . . , H,}. 
Theorem. The T-Z problem is W-complete in the class 2. 
Proof. Let 4 be a mapping of {a, b, c, d, e} into Z, satisfying (1) and H be an 
arbitrary finite triangle-free cubic graph. According to Lemma 4, H is Hamil- 
tonian if and only if there exists a graph G with N(G) = M(H),. Lemma 5 
implies that the existence of G and the existence of a graph G’ with 
N(G’) = { Ln} are equivalent. 
We can construct the graph LH for given H in a polynomial time and 
conversely we can find a graph H such that Ln = L’ for L’ E 22’ in a polynomial 
time, too. The assertion of the theorem is an immediate consequence of the 
NP-completeness of the Hamiltonian cycle problem for cubic triangle-free 
graphs. 0 
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